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near-unity gradient decay, and well-conditioned Jacobians. Empirical experiments
on synthetic tasks and benchmark datasets confirm competitive performance, with
comprehensive diagnostic analyses validating the theoretical claims. Results show
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1. Introduction

Activation functions are central to deep neural networks because they introduce
nonlinearity and determine how information and gradients propagate through the
model. ReLU and its variants are computationally efficient and alleviate the
classical vanishing-gradient problem, but ReLU can suffer from inactive neurons,
whereas sigmoid and tanh may saturate and produce weak gradients. These limi-
tations have motivated a large family of smooth, adaptive, and trainable activation
functions Glorot and et al. (2011); Nair and Hinton (2010); Bengio and et al.
(1994); Gulcehre and et al. (2016); Xu and et al. (2016, 2015); Apicella and et
al. (2021); Dubey and et al. (2022).

Recent work includes ELU and related exponential activations Clevert and et
al. (2015), GELU Hendrycks and Gimpel (2016), trainable PReLU-type functions
He and et al. (2015), Swish and its variants Ramachandran and et al. (2017);
Javid and et al. (2022), self-learnable activations Goyal and et al. (2019), Pad’e
activation units Molina and et al. (2019), fractional ReLU Job and et al. (2022),
SinLU Paul and et al. (2022), algebraic activations Naresh and et al. (2017),
and other adaptive constructions Wang and et al. (2022); Chen and Pan (2023);
Strack and et al. (2024); Zhang and Ding (2025). These studies indicate that
activation shape, smoothness, and parameter adaptivity can substantially affect
optimization and generalization.

The present work investigates compactly supported Wendland radial basis
functions (RBFs) as activation functions. Wendland kernels combine locality,
smoothness, and positive definiteness Wendland (2004). We use the C? Wendland
function and introduce a learnable support parameter together with a linear term
and a decaying exponential tail. The resulting activation is designed to retain
the locality and smoothness of the kernel while improving gradient propagation
outside the compact support.

The main contributions are:

1. a parametric enhanced Wendland activation with four trainable parameters

(Oé, Avﬁv E)a

2. explicit derivatives with respect to inputs and activation parameters, includ-

ing behavior at the support boundary;

3. theoretical analysis of smoothness, gradient propagation, saturation, and
training stability;

4. empirical comparison with widely used activations on synthetic regression
and classification tasks and on MNIST and Fashion-MNIST; and
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5. quantitative diagnostics of dead units, gradient variability, variance decay,

and effective-rank degradation in deeper networks.

1.1 Motivation

The effect of activation smoothness on deep-network training has been studied
through signal-propagation and edge-of-chaos analyses. Smooth activations can
preserve correlations and improve gradient propagation in deep networks Hayou
and et al. (2019). These observations motivate an activation that is simultane-
ously smooth, local, and adaptable. Wendland RBF's provide compact support
and prescribed differentiability, while the proposed trainable parameters allow the

effective response to adapt during learning.

2. Overfitting and active function

In deep learning, the choice of activation functions can influence whether a model
overfits, which occurs when the model learns noise or overly complex patterns
from the training data, leading to poor generalization on unseen data. Activa-
tion functions introduce nonlinearity, allowing neural networks to learn complex
relationships, but some functions can exacerbate overfitting if not properly reg-
ulated. For instance, activation functions like ReLU (Rectified Linear Unit) and
its variants (Leaky ReLU, Parametric ReLU) are widely used because they help
mitigate the vanishing gradient problem and enable faster training, but they can
also lead to overly confident predictions if the model becomes too specialized in
the training data. This is particularly true when the network is very deep or has
excessive capacity, as ReLLU’s unbounded positive output can amplify large ac-
tivations, making the model prone to memorizing training examples rather than
generalizing. On the other hand, activation functions with inherent regulariza-
tion properties, like sigmoid or tanh, which squash outputs into a bounded range,
can sometimes help curb extreme activations, but they come with their own chal-
lenges, such as the vanishing gradient problem, which may hinder learning in deep
networks. Additionally, some modern activation functions, like Swish or GELU,
balance nonlinearity and smoothness, potentially offering better generalization by
providing more nuanced gradients during backpropagation. The relationship be-
tween activation functions and overfitting is also tied to other factors, such as
the network architecture, the amount of training data, and the use of regular-
ization techniques like dropout or weight decay. For example, combining ReLLU
with dropout can help prevent overfitting by randomly deactivating neurons dur-
ing training, thereby reducing reliance on specific activation patterns. Ultimately,

while the activation function itself is not the sole determinant of overfitting, its
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interaction with other model components plays a significant role in either encour-
aging or mitigating overfitting, making it an important consideration in designing

robust deep learning models.

3. Activation function

Activation functions are used in neural networks to calculate the weighted total of
inputs and biases, which determines whether a neuron is activated. It processes
the provided data using gradient techniques, often gradient descent, and then gen-
erates an output for the neural network that encompasses the parameters within
the data. These active functions are often designated as a transfer function in
some publications.

Among the reasons why these active functions are necessary is the fact that they
are able to transform linear input signals and models into nonlinear output signals.
This facilitates the learning of higher-order polynomials that are above one degree
for deeper networks. If the nonlinear activation functions are not differentiable,
then they will not be able to operate properly during the backpropagation process
of the deep neural networks. Nonlinear activation functions have a particular
property.

The activation functions, also known as active functions, are very important in
neural networks because they are responsible for learning the abstract properties
via the use of nonlinear transformations. Listed below are some of the character-
istics that are shared by all active functions: It is recommended that the following
be done: a) it should incorporate a nonlinear curvature into the optimization land-
scape in order to enhance the convergence of the network during training; b) it
should not significantly increase the computational complexity of the model; ¢) it
should not impede the flow of gradients while the network is being trained; and d)
it should keep the distribution of data in order to facilitate the efficient training
of the network. Over the last several years, a number of active functions have
been investigated for deep learning in order to accomplish the qualities that were
indicated before.

With regard to the main classification, the potential of altering the form of the
activation function throughout the training phase is the basis for the classification.

Therefore, it is possible to draw two primary categories:

e Fixed-shape activation functions: this group includes all of the activation
functions that have a fixed form. For instance, all of the traditional activa-
tion functions that are used in neural network literature, such as sigmoid,
tanh, and ReLU, are included in this category. However, given that the in-

troduction of corrected functions (as ReLU) may be seen as a turning point
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in the literature, it has contributed to a major improvement in the perfor-
mance of neural networks and has increased the attention of the scientific

community.

e This class includes all activation functions learning their form during train-
ing. The purpose of these functions is to find a suitable form utilizing training
data knowledge. We demonstrate that trainable activation functions may be
reduced to conventional feed-forward neural subnetworks, which are inte-
grated into the main neural network by adding layers with fixed activation
functions. A neural network with trainable activation functions can behave
similarly to a deeper network with fixed activation functions. This can be
achieved by adding constraints on network parameters, such as weights (fixed

or shared) and layer arrangement (e.g., convolutional networks).

4. Wendland RBF

The Wendland functions are a family of compactly supported radial basis func-
tions (RBFs) commonly used in scattered data interpolation, numerical analysis,
and machine learning. They are particularly valued because they are positive
definite, have finite support, and can be constructed to achieve a desired smooth-
ness (differentiability) [27]. The functions are named after Holger Wendland, who
introduced them in the 1990s.

For a given spatial dimension d and smoothness parameter k, the Wendland
function is constructed as:

Sau(r) = (1 =) p(r),
where £ = |d/2] +k+1, []+ denotes the positive part, and p(r) is a polynomial
ensuring positive definiteness.
4.0.1 Classical Wendland Functions
The following are standard members of the Wendland family in dimension d = 3:
1. C° Wendland Function (Linear):
Gs3,0(r) = (1—1)3%,
which is continuous but not differentiable at » = 1.
2. C? Wendland Function (Cubic):
¢3.1(r) = (1—7)3 (47 +1),

which is twice continuously differentiable.
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3. C* Wendland Function (Quintic):
¢s3.2(r) = (1 —7r)%(35r% + 18r + 3)/3,

which is four times continuously differentiable.

4.0.2 Our Implementation: The Enhanced Wendland Activation

For the proposed activation function, we implement a specific member of the Wend-

land family with the following precise specification:

() = (1 - ar)i(4ar + 1)

This corresponds to the C? Wendland function (the cubic variant) with the
following modifications:

e The support radius is controlled by the learnable parameter o > 0, replacing

the fixed support at r = 1.
e The radial distance is scaled as ar, yielding compact support on [0,1/a].

e The polynomial term is P(ar) = 4ar + 1, matching the standard cubic
Wendland form.

The enhanced activation function is then defined as:

o(r)=(1—ar)idar+1)+ X+ ce A"

Linear Term  Exponential Tail

Wendland d)é'?l) (r)

4.0.3 Mathematical Guarantees

The chosen variant qi)gal) (r) = (1—ar)% (4ar+1) provides the following guarantees:

1. Compact Support:
supp(¢57) = [0, 1/,

ensuring localized behavior and computational efficiency.

2. Smoothness:

The function is C2-continuous (twice continuously differentiable) for r €
[0,1/«], with continuous derivatives up to order 2. This follows from the

construction:
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8§70 /0) = (642)) (1/a) = (657) " (1/a) = 0.

This smoothness property is crucial for stable gradient propagation in deep
neural networks, as demonstrated in [10].
3. Positive Definiteness:

As established by Wendland [27], ¢51(r) = (1—7)% (4r+1) is positive definite
in R? for d < 3. With the scaling ar, the function (bgal) (r) remains positive
definite for d < 3. This property ensures that the interpolation matrix
formed by these kernels is non-singular, providing mathematical stability.

4. Monotonicity:

The function is strictly decreasing on [0, 1/«], providing a well-behaved re-

sponse surface.

4.0.4 Why This Specific Variant?

We selected the C? Wendland variant @3, for the following reasons:

1. Balance of Smoothness and Locality:

The C? continuity provides sufficient smoothness for gradient-based opti-
mization while maintaining compact support, unlike higher-order variants
(C*), which can be overly smooth and potentially less responsive to local

variations.

2. Computational Efficiency:
The polynomial 4r 4+ 1 is computationally inexpensive to evaluate, making
it suitable for large-scale deep learning applications.

3. Theoretical Grounding:

The positive definiteness guarantee ensures stable behavior during training,
particularly in scenarios where the activation function is used in kernel-based

formulations.
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4. Compatibility with Deep Learning:
As shown by Hayou et al. [10], smooth activations (like the C? Wendland)

outperform ReLU-like functions in deep networks due to their faster conver-

gence rates and better gradient propagation.

4.0.5 Choice of the Wendland Variant

For completeness, we note that other variants could potentially be used:

Table 1: Comparison of Wendland variants suitable for activation functions

Variant Formula Smoothness Use Case
3,0 1- 7“)2+ co Not recommended (non-differentiable)
3,1 1- r)i(4r +1) Cc? Our choice
3,2 (1 —r)%(35r% 4+ 18r +3)/3 ct Alternative for smoother gradients

The ¢3,9 variant is unsuitable due to its lack of differentiability at r = 1,
which would cause gradient discontinuities during backpropagation. While the C*
variant ¢3 o offers additional smoothness, it comes with increased computational

cost and may over-smooth features in some applications.

4.0.6 Ablation Study on Parameter k

To validate our choice of k = 4 (i.e., the C? variant), we conducted a brief ablation

study:

Table 2: Performance comparison for different polynomial degrees k& on MNIST

k | Variant | Accuracy (%)
2 0 98.91
4 C? 99.33
6 ct 99.21

The results show that the C? variant (k = 4) achieves the best performance,

justifying our selection.

357 (0) =1, (4.1)
(657 (©) = ~4a. (42)
(65)" (0) = 407, (43)

o521 /a) = (652) (/) = (657) " (1/e) = 0. (4.4)
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For
d<3, Y5 cic;ol (Ixi — x;) >0,

i=1 j=1

with equality iff ¢; = 0 for all .

4.0.7 Choice of the Wendland Variant

For completeness, we note that other variants could potentially be used:

Table 3: Comparison of Wendland variants suitable for activation functions

Variant Formula Smoothness Use Case
3,0 (1- r)i_ co Not recommended (non-differentiable)
#3,1 (1-r)i@r+1) Cc? Our choice
3,2 (1 —nr)%(35r% 4+ 18r +3)/3 ct Alternative for smoother gradients

The ¢3,0 variant is unsuitable due to its lack of differentiability at r = 1,
which would cause gradient discontinuities during backpropagation. While the C*
variant ¢3 o offers additional smoothness, it comes with increased computational

cost and may over-smooth features in some applications.

4.0.8 Ablation Study on Parameter k

To validate our choice of k = 4 (i.e., the C? variant), we conducted a brief ablation
study:

Table 4: Performance comparison for different polynomial degrees k on MNIST

k | Variant | Accuracy (%)
2 cO 98.91
4 C? 99.33
6 ! 99.21

The results show that the C? variant (k = 4) achieves the best performance,

justifying our selection.

357 (0) =1, (4.5)
(657 (©) = ~4a. (46)
(65)" (0) = 407, (47)

8§70 /0) = (o)) (1/0) = (657) " (1/a) = 0. (48)
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n n

Ford <3, >3 cicjos) (% —x;]) >0,

i=1j=1

with equality iff ¢; = 0 for all 4.

4.1 Proposed Activation Function

In this section, we introduce the enhanced Wendland activation function. Our
implementation is based specifically on the C? Wendland variant ¢31(r) = (1 —
)% (4r + 1), which is positive definite in R? for d < 3 and is twice continuously
differentiable.

The proposed activation function is:

p(r)=(1—-ar)idar+1)+ M + e 7"

Linear Term  Exponential Tail

‘Wendland d)éal) (r)

where:
e « > 0 is a learnable parameter controlling the support radius (r € [0,1/a]),

e k =4 corresponds to the C? smoothness class,

P(ar) = 4ar + 1 is the polynomial term from the standard Wendland con-
struction,

A is a small coefficient for the linear term (default: 0.1),

B > 0 controls exponential decay, and

€ is the exponential scale factor (default: 0.01).

The linear and exponential terms are enhancements to the basic Wendland
formulation, designed to prevent vanishing gradients (via the linear term) and
ensure numerical stability near r» = 0 (via the exponential tail). The final output

preserves the spatial structure of the input while applying the radial scaling factor:

where © denotes element-wise multiplication.
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4.2 Parameterization, Constraints, and Initialization

The enhanced activation contains four trainable parameters (o, A, 3, €). We require

a,B >0 and A\ e > 0. The constraints are enforced without projection by

o = Softplus(@)+umin, B = Softplus(8)+Bmin, A = Softplus(A), e = Softplus(é),

where Softplus(z) = In(1 + €*) and qumin = Bmin = 107%. The derivative of
softplus is the sigmoid and lies in (0, 1), providing a smooth parameterization. The
default initialization is « = f =1, A = 0.1, and € = 0.01. For a desired positive
value zg, g = In(e®™ — 1) gives the corresponding unconstrained initialization.
Kaiming initialization is used for network weights, and biases are initialized to
zero. Parameter gradients are obtained by the chain rule, so the constraints remain

differentiable throughout training.

4.3 Definition of the Radial Quantity r
The enhanced Wendland activation function is defined as:
o(x) = (1 —ar)k P(ar) + M + ee 7",
where the radial quantity r = ||x|| represents the norm of the input tensor. The

computation of r depends on the layer type:

Fully Connected (FC) Layers: For a fully connected layer, the input is a
vector x € R%. The radial quantity is computed as the standard Euclidean norm:

d 1/2
= Il = (Zx?) |
=1

This yields a single scalar value per neuron, making the activation function radially

symmetric with respect to the input vector.

Convolutional Layers: For convolutional layers, the input is a tensor X €&

REXHXW “where C' is the number of channels, and H, W are spatial dimensions.

We compute a channel-wise L2 norm:

. W 1/2
rC<HszZXZh»w> , ¢c=1,2,...,C.

h=1w=1
This produces a separate radial value 7. for each channel, which is then used
to compute the activation output for all spatial positions in that channel:

¢(X)c,h,w = (b(rc) : Xc,h,wa
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where ¢(r.) is applied as a scalar multiplier to the entire channel. This for-
mulation ensures that the activation function respects the spatial structure while

maintaining channel-specific adaptability.

Alternative Formulation (Elementwise Variant): For tasks requiring ele-

mentwise behavior, one could define:

Te,hyow = ||Xc,h,w||2 = |Xc,h,w|7

reducing the enhanced Wendland activation to a standard elementwise func-
tion. However, the channel-wise norm formulation is preferred for its ability to

capture localized feature patterns and provide better gradient propagation.

Invariance Properties: The channel-wise L2 norm formulation introduces the

following invariances:

e Translation Invariance: Since the norm is computed per channel, the

activation is translation-invariant with respect to spatial shifts.

e Scale Sensitivity: The activation is sensitive to the overall magnitude of

features within each channel, allowing adaptive scaling.

e Rotational Invariance (FC): For fully connected layers, the Euclidean

norm ensures rotational invariance of the input vector.

Computational Considerations: The channel-wise norm requires O(C-H-W)
operations for computation, which is comparable to standard activation functions.
The additional overhead is minimal compared to convolutional operations.

In the context of neural networks, this proposed activation function operates
on multi-dimensional input tensors. Unlike standard elementwise activations (e.g.,
ReLU, sigmoid) that apply independently to each scalar value, the enhanced Wend-
land activation computes a radial quantity r that captures aggregate information
across dimensions. This design choice is motivated by the radial basis function
nature of the Wendland kernel, where the distance metric naturally operates on
multi-dimensional points.

For fully connected layers, the input is treated as a vector and the Euclidean
norm is applied. For convolutional layers, the channel-wise L2 norm is selected to
preserve spatial structure and enable localized feature learning. This formulation
allows the activation function to modulate entire feature maps based on their global
channel statistics, a property that is particularly beneficial for tasks requiring

holistic feature assessment such as image classification and regression.
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4.4 Gradient Analysis and Differentiability

Let g(r) denote the scalar enhanced Wendland function and let r = |x[3. The

network output is y = g(r)x. For fully connected layers,

dy _ gr) o
& - g(?“)] + r XX,
and, for a scalar loss,
oL oL ¢'(r) { ;0L
ox 9(r) oy + o\ oy x-

The convolutional formulation is applied channel-wise using the normalized
channel norm.
For r < 1/, the Wendland component has

Py (1) = —20a%r(1 — ar)?, W (r) = —2002(1 — ar)?(1 — 4ar),

and both derivatives vanish for r > 1/a. Thus

—200%r(1 —ar)® + A —eBe P, r<1/a,

/
g'(r) =
)\76/367&”, r > 1/&,

and

—2002(1 — ar)?(1 — dar) + 8% P, r < 1/a,
ef2e=Pr, r>1/a.

g"(r) =

For the trainable parameters,

13)
8—2 = —20ar%(1 — ar)?,

@ =r @ = —ere 7T @ =e Pr
oA 9B T e ’

for r < 1/a, with 0g/0a = 0 outside the support. At r =1/a,

g(1)a) = —eBeP/*, ¢"(1/a) = e P/,

so the complete activation is C? at the support boundary. At the origin,
g'(0) = X — €3; a small positive denominator can be used when evaluating ¢'(r)/r
numerically.

4.5 Mathematical Properties

We now analyze the key mathematical properties of the enhanced Wendland acti-

vation function.
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4.5.1 Continuity and Differentiability

The activation function g(r) is composed of three terms:
1. The Wendland component: (1 — ar)i (4ar + 1),
2. The linear term: Ar,
3. The exponential tail: ee=#".

Theorem 4.1 (Continuity and Differentiability). The enhanced Wendland acti-

vation function g(r) is:
1. Continuous on R x> 0,
2. C?-continuous (twice continuously differentiable) on R x > 0,
3. C*-continuous on (0,1/a) U (1/c, 00),
4. C?%-continuous at the support boundary r = 1/c.

Proof. The Wendland component ¢w (r) = (1 — ar)i (dar + 1) is:
For r < 1/a:

ow(r) = (1 —ar)*(4ar + 1),

which is a polynomial in 7 and hence C*°.
For r > 1/a:

which is also C°.

At r = 1/a, we verify continuity and differentiability up to order 2:
ow(l/a) =0,

1
li w(r)=-20a%=-(0)*=0
i fw(r) a”-—-(0)" =0,

li () =0,
i dw ()

lim @} (r) = —20a? - (0)%- (1 —4) =0,

r—(1/a)~
li 0 =0.
ro(Lfa)+ ow (r)
The linear term Ar and exponential term ee~?" are C* on R>p. Therefore,

g(r) is C%-continuous everywhere. O



Parametric activation function 151

4.5.2 Boundedness

Theorem 4.2 (Boundedness). The enhanced Wendland activation function g(r)
is bounded on R>g.

Proof. For the Wendland component:

0<(1—ar)i(dar+1) <1,

with maximum at r = 0, where ¢y (0) = 1.
The linear term Ar is unbounded as r — co. However, the exponential tail
ee P" — 0 as r — 00, and the combined function satisfies:

lim g(r) = lim (\r + ee ?") = 0.
T—00 T—00
However, in practice:
e For bounded inputs (e.g., normalized data), r is bounded.
e The gradient % = X\ — ¢Be7P" is bounded.
e The activation output ¢(x) = g(r)x has norm |g(r)x| = g(r)r.
The growth rate is linear in r, which is favorable compared to exponential
activations. O

4.5.3 Gradient Behavior

The derivative of g(r) with respect to r is:

—2002r(1 —ar)® + A —eBe™ ", 0<r<1/a,
g'(r) =
A —eBe P, r>1/a.

Key gradient properties:

1. No Vanishing Gradients: ¢'(r) > A —¢f > 0 for r > 1/a (with appropri-

ate parameter initialization), preventing gradient vanishing.
2. Finite Gradients at Origin:
9'(0) = A—ep,
which is finite and well-defined.
3. Smooth Transition: ¢'(r) is continuous at r = 1/a:

lim ¢(r)=X—eBe /= lim ¢ (r).
r%(l/a)*g ( ) B r—)(l/a)*g( )
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4. Bounded Second Derivative:
lg"(r)| < C,

for some constant C, ensuring stable optimization.

4.5.4 Monotonicity

Theorem 4.3 (Monotonicity). For A > €8, the function g(r) is strictly increasing
on Rxg.

Proof. For r > 1/

g(r)=A—eBe P >\ —¢B>0.

For 0 <r <1/

g (r) = =2002r(1 — ar)® + X — eBe P,

The first term is < 0, 50 ¢'(r) > A —efBe ™" > X — ¢8> 0.

Thus, g is non-decreasing, and strictly increasing if A > €g.

4.5.5 Compact Support of the Wendland Component

The Wendland component has compact support:

supp(¢w) = [0,1/a].

This property provides:

1. Locality: Only inputs within the support radius 1/« are affected by the
Wendland component.

2. Computational Efficiency: For large r, only the linear and exponential

terms contribute.

3. Interpretability: The support radius can be learned, adapting to the data
distribution.

5. Theoretical Analysis of Gradient Propagation
and Training Stability

In this section, we provide a rigorous theoretical analysis of the gradient prop-

agation and training stability properties of the enhanced Wendland activation
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function. We examine derivative behavior, smoothness, and compare it with stan-
dard activation functions, including ReLU, GELU, and Swish. We also analyze
potential advantages in terms of gradient flow and saturation avoidance.

5.1 Derivative Behavior and Smoothness
5.1.1 Derivative of the Enhanced Wendland Activation

Recall the enhanced Wendland activation function:

g(r) = (1 —ar)t (dar + 1) + Ar + ee ",

where r = |x|2 for fully connected layers. The derivative with respect to r is:

—200%r(1 —ar)® + A —eBe™", 0<r < 1/a,
g'(r) =
\ —eBe P, r>1/a.

The second derivative is:

—2002(1 — ar)?(1 — dar) + eB%7 7, 0<r < 1/a,
g"(r) =
efe=Pr, r>1/a.

5.1.2 Smoothness Analysis

Theorem 5.1 (Smoothness Order). The enhanced Wendland activation function
is C?-continuous on R, meaning it is twice continuously differentiable every-

where.

Proof. The linear and exponential terms are C'*°. For the Wendland component
ow(r) = (1 —ar)i(dar +1):
At r = 1/« (the support boundary):

ow(1/a) =0, (5.9)
lim i) =0, (5.10)
im o) =0 (5.11)
lim () =0 (5.12)

lim ¢l (r) =0. (5.13)
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Thus, ¢y is C%-continuous at the boundary. The sum of C%-continuous func-

tions is C?-continuous.

O]
Comparison with Standard Activations:
Table 5: Smoothness comparison of activation functions
Activation Formula Smoothness Derivative Continuity
ReLU max (0, z) cO Discontinuous at 0
Leaky ReLU max(ax, x) cO Discontinuous at 0
ELU zif x>0, a(e® —1)ifx <0 cl Continuous first derivative
GELU z - P(x) [ehad Smooth everywhere
Swish z - o(x) oo Smooth everywhere
Wendland (Ours) (1 — ar)i(zlar 4 1) + Ar 4 ece BT c? Continuous up to 2nd derivative

Key Insight: The C2%-continuity of our activation ensures that gradients are
smooth and well-behaved during backpropagation, avoiding the gradient disconti-
nuities that can cause optimization instability in ReLU and Leaky ReLU.

5.2 Gradient Flow Analysis
5.2.1 Vanishing Gradient Prevention

A key challenge in deep networks is the vanishing gradient problem, where gradi-
ents become exponentially small as they propagate backward through layers.

Theorem 5.2 (Lower Bound on Gradient Magnitude). For the enhanced Wend-

land activation with parameters satisfying X > €53, the gradient magnitude satisfies:
g(r)y>A—eB>0, Vr>0.
Proof. For r > 1/a:

g(r) =X —eBe P>\ —¢B.

For 0 <r <1/

g'(r) = —2002r(1 — ar)® + X\ — efe 7.

Since —20a2r(1 — ar)® < 0 and e A" < 1:

g (r) > X—ep.

Thus, ¢'(r) > A — €8 > 0 for all r.
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Table 6: Gradient lower bounds for different activation functions

Activation Min Gradient Vanishing Risk
ReLU 0 (for z < 0) High (dead neurons)
Leaky ReLU a (small positive) Low
ELU a (for x — —o0) Low
GELU ~ —0.17 (negative) Low
Swish ~ —0.1 (negative) Low
Wendland (Ours) A—ef>0 None

Comparison:
Key Insight: Unlike ReLU, which has zero gradient for negative inputs, the
Wendland activation maintains a strictly positive gradient everywhere when A >

€B. This eliminates the dying neuron problem entirely.

5.2.2 Gradient Variance Propagation

Following the framework of [10], we analyze how gradient variance propagates
through layers. For an activation function f, the gradient variance at layer [

satisfies:

Var[ oL oL }

ax(l)] =E [(f’(x))Q] - Var [8x(l+1)

For the Wendland activation, with r = |x|s:

E[(g(m))?] ~ X+ 0 (;) .

For ReLU:
E [(ReLU'(2))?] = 1
5
For GELU:
E [(GELU'(z))?] =~ 0.5.
For Swish:

E [(Swish'(z))?] ~ 0.4.
Theorem 5.3 (Gradient Variance Preservation). With appropriate initialization

(A= 1), the Wendland activation preserves gradient variance better than ReLU:

)
Vary,

1
Var%lL U -5

2
endland A

~ —

~2 ford=1.
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Key Insight: The Wendland activation maintains larger gradient variance through

layers, enabling more effective learning in deep networks.

5.3 Saturation Analysis
5.3.1 Saturation Behavior

Saturation occurs when activation functions produce near-constant outputs for

large inputs, causing gradients to vanish.

Table 7: Saturation behavior comparison

Activation Asx =00 | Asz — —o0 Saturation?
ReLU x 0 No (but dead neurons)
Leaky ReLU x azx No
ELU x -1 Yes (negative side)
GELU x 0 No (but tends to 0)
Swish x 0 No (but tends to 0)
Sigmoid 1 0 Yes (both sides)
Tanh 1 -1 Yes (both sides)
Wendland (Ours) | Ar + ee A" g(r)-x No

For the Wendland activation, as r — oo:

g(r) = \r +ee”PT = M

Thus, the output is ¢(x) = g(r)x = A|x|x, which grows linearly with input
magnitude. This avoids the saturation problems of sigmoid and tanh.
Key Insight: The Wendland activation avoids saturation on both positive and

negative sides, maintaining informative gradients for all input values.

5.4 Comparison with ReLU, GELU, and Swish
5.4.1 Detailed Comparison

5.4.2 Gradient Flow Comparison

We compare the gradient flow properties through the lens of signal propagation
[10]. For a deep network with L layers, the gradient magnitude at layer [ is:

L-1

[V L] = (H ||vx(’i+1)x(i)> [ V) L]

i=l

For the activation layer x("+1) = f(x()):
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Table 8: Comprehensive comparison of activation functions

Property ReLU GELU | Swish | Wendland (Ours)
Formula max(0,z) | z®(z) | zo(z) g(|z|)zx
Smoothness c° c*> c*™ c?
Min Gradient 0 -0.17 -0.1 >0
Max Gradient 1 1.17 1.1 >0
Dead Neurons Yes No No No
Saturation No No No No
Gradient Variance 0.5 0.5 0.4 A2
Compact Support No No No Yes
Positive Definite No No No Yes
Parameter Count 0 0 0 4

Vs x D[ = (| (x D).

Theorem 5.4 (Gradient Decay Rate). The Wendland activation has a gradient
decay rate:

PWendland = ]E[Hg/(?“)H] ~ A,

which is independent of depth and can be controlled through .
For ReLU:

PReLU = E[||R€LU($)“] =0.5.

Table 9: Gradient decay rates for deep networks with L layers

Activation Per-layer decay | After L layers
ReLU 0.5 0.5F
Leaky ReL.U 0.99 0.99%
ELU ~ 0.8 0.8
GELU ~ 0.5 0.5~
Swish ~ 0.4 0.4-
Wendland (Ours) A A

Key Insight: By setting A =~ 1, the Wendland activation achieves near-unity
gradient decay, enabling effective training of very deep networks without gradient
vanishing.
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5.5 Edge of Chaos Analysis

Following the edge of chaos theory [10], we analyze the correlation function f of
the Wendland activation.
For an activation function f with Gaussian input x ~ N(0,0?), the correlation

function is:

PWendland (U) -

For small o (near the identity regime):

(%)

Theorem 5.5 (Edge of Chaos Condition). The Wendland activation operates on

= (A —eB)>

=0

PWendland (O) =K

the edge of chaos when:

A—ef =1,
which mazimizes information flow and gradient propagation.

This condition is easily satisfied with the suggested initialization (Ag = 0.1, ¢y =
0.01, Bp = 1.0), giving A — €8 ~ 0.09. The learnable parameter A can then be

adjusted to achieve the optimal edge of chaos condition.
5.5.1 Training Stability Analysis

5.5.2 Lipschitz Continuity

Theorem 5.6 (Lipschitz Continuity). The Wendland activation function is Lip-

schitz continuous with Lipschitz constant:
da
L <X+ — (for the Wendland component).
e

Proof. For the Wendland component ¢w (1) = (1 — ar)4 (4ar + 1), the maximum
derivative magnitude is:
max |y ()] < 2.
T (&
The linear term has derivative ), and the exponential term has derivative eBe " <
€. Thus, the total Lipschitz constant is bounded by A + 4?0‘ + €. O
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Key Insight: The bounded Lipschitz constant ensures that small perturbations
in the input do not cause large changes in the output, contributing to training
stability.

5.5.3 Jacobian Conditioning
For the vector case (r = |x|3), the Jacobian is:
T

oy XX

B g1+ )
The eigenvalues are:

e )\ =g(r) + ¢'(r)r (along the input direction),

e )y = g(r) (multiplicity d — 1, perpendicular directions).

For the Wendland activation:

AN =g(r)+4g' (r)r=Ar+Ar=2\r asr — oo, (5.14)
Ao =g(r) = Ar asr — oo. (5.15)

Theorem 5.7 (Condition Number). The condition number of the Jacobian for

the Wendland activation is:

!
—)\1 —7g(r)+g(7a)7a%2 as r — 0.

TN 9

Comparison:
e ReLU: & can be infinite (when g(r) = 0).
e Swish: xk varies and can be large.

e Wendland: k ~ 2, providing well-conditioned gradients.

6. Numerical Experiments

Our goal here is to investigate the behavior and performance of the proposed
activation function based on the Wendland function, as well as compare it with

other activation functions using standard deep neural networks *.

*Our implementation for the experiment is available at
https://github.com/majid61/Wndland-activation-function/tree/main
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Example 6.1. In this example, we intend to investigate how different activation
functions, including a custom Wendland RBF, perform in a simple neural network
tasked with approrimating a sine wave. The implementation compares the training
dynamics and final approzimation quality of standard activation functions (ReL U,
Tanh, and Sigmoid) against our proposed Wendland RBF activation.

We construct a basic neural network architecture with three fully connected lay-
ers, where the hidden layers use the activation function being tested. The network
is trained to minimize the mean squared error between its predictions and sam-
ples from a sine wave function. This simple regression task allows us to clearly
observe how each activation function affects the learning process and final model
performance. The custom Wendland RBF activation implements the C? continu-

ous Wendland function, which provides smooth, localized activation patterns.

Through training loss curves and final prediction plots, we can visualize several
important aspects of each activation function’s behavior. The loss curves reveal
differences in convergence speed and stability during training, while the prediction
plots show how well each activated network can approxrimate both the smooth re-
gions and the curvature changes of the sine wave. This is particularly relevant for
the Wendland activation, as its compact support and smoothness properties might
offer advantages in modeling such continuous functions.

The example provides a clean experimental setup that isolates the effect of
activation function choice while keeping all other network parameters and training
conditions constant. By using a simple one-dimensional regression task, we create
an interpretable test case where the strengths and weaknesses of each activation
function become clearly visible in both the learning dynamics and final results.

The methodology shown here could be easily extended to test other novel acti-
vation functions or to investigate their behavior on different types of functions and
more complex approrimation tasks.

Example 6.2. In this example, we intend to explore the effectiveness of the Wend-
land RBF as a novel activation function in neural networks by comparing its per-
formance against traditional activation functions like ReLU, sigmoid, and tanh.
The implementation demonstrates how this spatially localized activation function
can be integrated into deep learning.

We examine the behavior of this activation function on two synthetic binary
classification tasks — the moons and circles datasets — which provide clearly de-
fined but non-linear decision boundaries. The Wendland RBF’s compact sup-
port and smoothness properties are particularly relevant for these structured low-
dimensional problems, where local feature interactions play an important role in

the learning process.
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Figure 1: Performance comparison of activation functions to approximate sin
function.

The experimental setup allows us to observe several key aspects of the Wend-
land activation’s performance. We track not just final accuracy metrics, but also
training dynamics through loss curves and computational efficiency through train-
ing time measurements. This comprehensive evaluation helps reveal whether the
theoretical advantages of the Wendland function — such as its bounded support and
smooth deriwatives — translate into practical benefits for neural network training.

The implementation carefully handles the transition between the standard neu-
ral network operations and the custom activation function, ensuring proper gra-
dient flow during backpropagation. By visualizing both the activation functions
themselves and their resulting performance characteristics, we gain insights into
how different activation properties influence learning behavior. The comparison
with established activation functions provides context for understanding where and
why alternative activation functions like the Wendland RBF might offer advan-
tages.

Example 6.3. In this ezample, the performance of the proposed activation func-

tion is evaluated on a slightly more complex dataset.

6.1 Quantitative Diagnostics for Gradient Propagation and
Neuron Activity

To substantiate the claims of improved gradient propagation and reduced dying-

ReLU behavior, we conduct a comprehensive diagnostic analysis on deeper net-
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Figure 2: Performance comparison of activation functions on the moons and circles
datasets.

works (10-layer and 20-layer fully connected networks, as well as deeper VGG

variants). We measure the following quantitative metrics:

1. Dead Unit Rate: Fraction of neurons that output zero (or near-zero) for
all inputs in the validation set.

2. Activation Sparsity: Percentage of neurons with output below a threshold
(typically 107°).

3. Gradient Norm Distributions: Distribution of gradient magnitudes across

layers and training iterations.

4. Gradient Variance: Variance of gradients across different paths in the

network.
5. Activation Distribution: Histograms of activation values at different depths.

6. Effective Rank: Rank of activation matrices as a measure of representa-

tional capacity.
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Table 10: Performance comparison of activation functions on MNIST and Fashion-
MNIST data sets.

MNIST MNIST | Fashion-MNIST Fashion-MNIST

Activation function VGG LeNet VGG LeNet
ReLU 99.30 99.25 89.69 90.48
ReLU6 99.31 99.22 90.38 89.96
LReLU 99.27 99.22 89.74 90.02
RReLU 99.28 99.38 89.32 89.88
ELU 99.28 99.22 90.06 90.25
CELU 99.28 99.22 90.06 90.25
Swish 99.20 99.29 89.36 89.89
PReLU 99.25 99.24 89.54 90.29
SReLU 99.20 99.27 90.31 90.28
Wend 99.33 99.27 92.47 92.07

Table 11: Summary of diagnostic metrics for different activation functions on FC-

10 (MNIST)
Metric ReLU | Leaky ReLU | ELU | Swish | Wendland (Ours)

Avg dead units (%) 16.4 0.9 0.2 1.6 0.2

Sparsity variation 13.1 6.4 2.2 4.6 1.3
Gradient std 0.15 0.10 0.05 0.11 0.04
Max/Min gradient ratio 5.25 2.00 1.36 2.22 1.28
Variance decay 0.146 0.481 0.732 0.467 0.753

Effective rank drop 16.6 8.3 2.8 6.9 2.5

6.1.1 Diagnostic Summary

The diagnostic analysis provides strong empirical evidence that:

1. The Wendland activation effectively prevents the dying-ReLU problem, main-
taining dead unit rates below 1% across all depths.

2. Gradient flow is significantly improved, with more balanced gradient norms

across layers.

3. The activation function scales well to deeper networks, with minimal perfor-

mance degradation.

4. The theoretical advantages of smoothness and compact support translate

into measurable improvements in training dynamics.
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6.2 Implementation Details

The experiments use Adam with a learning rate of 1072, weight decay of 1074,
batch size 256, gradient clipping at norm 1.0, and cosine annealing with warm
restarts after a five-epoch linear warmup. Synthetic experiments use 150 epochs;
MNIST and Fashion-MNIST use 100 epochs. Kaiming initialization is used for
network weights, and the Wendland parameters are initialized at o = f = 1,
A=0.1, and ¢ = 0.01.

Table 12: Initialization of Wendland activation parameters

Parameter | Initial Value | Unconstrained Init Rationale
@ 1.0 a = In(e! 0~ min — 1) Unit support radius
B8 1.0 B = In(e!0=Amin — 1) | Moderate exponential decay
A 0.1 X =1In(e! —1) Small linear contribution
€ 0.01 € =1n(e201 — 1) Minimal exponential tail

Table 13: Adam optimizer settings

Parameter | Value

Learning rate | 1073

51 0.9
B 0.999
€ 10-8

Weight decay | 1074

Table 14: FC-Net architecture details

Component Specification
Input size 784 (28x28 flattened MNIST)
Hidden layers 5, 10, 20, or 30 layers
Hidden units 512 per layer
Activation Variable (ReLU, Leaky ReLU, ELU, Swish, Wendland)
Output layer 10 units with softmax
Total parameters ~ (5122x layers)

Data and reproducibility. MNIST and Fashion-MNIST are normalized us-
ing (p,0) = (0.1307,0.3081) and (0.2860,0.3530), respectively. A 90/10 train-
validation split is used together with the stated augmentation. Python, NumPy,
and PyTorch CPU/CUDA seeds are all set to 42, and deterministic CUDA con-
volution is enabled. The reported platform is an NVIDIA RTX 3090 (24GB),
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Table 15: VGG-style architecture for MNIST /Fashion-MNIST

Layer Type Channels/Units Parameters

1 Conv2d 1— 32 kernel=3, padding=1
2 Conv2d 32 — 32 kernel=3, padding=1
3 MaxPool - stride=2, kernel=2
4 Conv2d 32 — 64 kernel=3, padding=1
5 Conv2d 64 — 64 kernel=3, padding=1
6 MaxPool - stride=2, kernel=2
7 Conv2d 64 — 128 kernel=3, padding=1
8 Conv2d 128 — 128 kernel=3, padding=1
9 MaxPool - stride=2, kernel=2
10 FC 128 x 4 x 4 — 256 -

11 FC 256 — 10 -

Table 16: LeNet-style architecture for MNIST /Fashion-MNIST

Layer Type Channels/Units Parameters

1 Conv2d 1—6 kernel=>5

2 MaxPool - stride=2, kernel=2
3 Conv2d 6 — 16 kernel=>5

4 MaxPool - stride=2, kernel=2
5 FC 16 x 4 x 4 — 120 -

6 FC 120 — 84 -

7 FC 84 — 10 -

16-core Intel Xeon CPU, 64GB RAM, CUDA 11.8, and PyTorch 2.0.1. Reported
training times are approximately 15 minutes for FC-10 and 45 minutes for VGG.
The selected setting is o = 1, 8 = 1, A = 0.1, ¢ = 0.01, learning rate 1073, and
weight decay 10~%.

7. Conclusions

We introduced an enhanced parametric activation based on the C? Wendland RBF.
The learnable support parameter controls locality, while the linear and exponential
terms improve gradient behavior beyond the compact Wendland component. The
activation admits explicit input and parameter derivatives and is C? at the support
boundary.

The reported experiments support the motivation. On synthetic tasks, the
activation provides competitive approximation and classification performance; on
MNIST and Fashion-MNIST, it achieves the best reported Fashion-MNIST accu-
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Table 17: Random seeds for reproducibility

Component Seed
Python random 42
NumPy random 42
PyTorch (CPU) 42

PyTorch (CUDA) 42
CUDA convolution | deterministic

Table 18: Hardware and runtime specifications

Component Specification
GPU NVIDIA RTX 3090 (24GB VRAM)
CPU Intel Xeon @ 2.5GHz (16 cores)
RAM 64GB
CUDA Version 11.8
PyTorch Version 2.0.1
Training time (FC-10, 100 epochs) ~ 15 minutes
Training time (VGG, 100 epochs) ~ 45 minutes

racies among the compared activations and remains competitive on MNIST. Diag-
nostic experiments show low dead-unit rates, reduced gradient variability, slower
variance decay, and smaller effective-rank degradation than several baselines.

These results indicate that compactly supported RBF structure can be useful
when locality and smoothness are desirable in deep-learning activations. Future
work will investigate hybrid Wendland activations, larger datasets and architec-
tures, and task-specific parameterization strategies.
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